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NADEL-NAKANO VANISHING THEOREMS OF VECTOR BUNDLES WITH
SINGULAR HERMITIAN METRICS
MASATAKA IWAI
Abstract. We study a singular Hermitian metric of a vector bundle. First, we prove the sheaf
of locally square integrable holomorphic sections of a vector bundle with a singular Hermitian
metric, which is a higher rank analogy of a multiplier ideal sheaf, is coherent under some as-
sumptions. Second, we prove a Nadel-Nakano type vanishing theorem of a vector bundle with
a singular Hermitian metric. We do not use an approximation technique of a singular Hermitian
metric. We apply these theorems to a singular Hermitian metric induced by holomorphic sections
and a big vector bundle, and we obtain a generalization of Griffiths’ vanishing theorem. Finally,
we show a generalization of Ohsawa’s vanishing theorem.
1. Introduction
The aim of this paper is to study the vanishing theorem of a vector bundle with a singular
Hermitian metric. Here is a brief history of a singular Hermitian metric of a vector bundle. A
singular Hermitian metric of a vector bundle is a higher rank analogy of a singular Hermitian
metric of a line bundle. The origin is due to de Cataldo [deC]. After that, Berndtsson and Pa˘un
defined a singular Hermitian metric of a vector bundle in the different way in [BP]. We adopt
the definition of a singular Hermitian metric of a vector bundle in [BP]. They also defined the
notions of a positivity of a singular Hermitian metric, called positively curved. In [PT], Pa˘un and
Takayama proved that a direct image sheaf of an m-th relative canonical line bundle f∗(mKX/Y )
can be endowed with a positively curved singular Hermitian metric for any fibration f : X → Y .
Recently by using this result, Cao and Pa˘un [CP] proved Iitaka conjecture when the base space
is an Abelian variety. For more details, we refer the reader to [Paun].
Although a singular Hermitian metric of a vector bundle was investigated in many papers (for
example [BP], [PT], [Hos], [HPS], [Rau], etc.), there exist few results of vanishing theorems
of vector bundles with singular Hermitian metrics. We explain the details below. Let (X, ω) be
a compact Ka¨hler manifold and (E, h) be a vector bundle with a singular Hermitian metric. In
[deC], the sheaf of locally square integrable holomorphic sections of E with respect to h, denoted
by E(h), is defined to be
E(h)x = { fx ∈ E(x) : | fx|2h ∈ L1loc} x ∈ X,
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which is a higher rank analogy of a multiplier ideal sheaf. In this paper, we will denote by E(x)
the stalk of E at x, defined by lim−→
x∈U
H0(U, E). We consider the following problems.
Problem 1.1. (1) Is E(h) a coherent sheaf ?
(2) Does there exist a Nadel-Nakano type vanishing theorem, that is, the vanishing of the
cohomology group Hq(X,KX ⊗ E(h)) for any q ≥ 1 if h has some positivity ?
Unlike a multiplier ideal sheaf, we do not know if E(h) is coherent. In [deC], de Cataldo
proved E(h) is coherent and a Nadel-Nakano type vanishing theorem if h has an approximate
sequence of smooth Hermitian metrics {hµ} satisfying hµ ↑ h pointwise and
√
−1ΘE,hµ − ηω ⊗
IdE ≥ 0 in the sense of Nakano for some positive and continuous function η. However, h does not
always have such approximate sequence (See in [Hos, Example 4.4] ). Therefore these problems
are open.
We give a partial answer to Problem 1.1. First we prove the coherentness of E(h) under some
assumptions.
Theorem 1.2. Let (X, ω) be a Ka¨hler manifold and (E, h) be a holomorphic vector bundle on
X with a singular Hermitian metric. We assume the following conditions.
(1) There exists a proper analytic subset Z such that h is smooth on X \ Z.
(2) he−ζ is a positively curved singular Hermitian metric on E for some continuous function
ζ on X.
(3) There exists a real number C such that
√
−1ΘE,h −Cω ⊗ IdE ≥ 0 on X \ Z in the sense of
Nakano.
Then the sheaf E(h) is coherent.
Next we study the cohomology group Hq(X,KX ⊗ E(h)) for any q ≥ 1. We prove a vanishing
theorem and an injectivity theorem of vector bundles with singular Hermitian metrics under some
assumptions.
Theorem 1.3. Let (X, ω) be a compact Ka¨hler manifold and (E, h) be a holomorphic vector
bundle on X with a singular Hermitian metric. We assume the following conditions.
(1) There exists a proper analytic subset Z such that h is smooth on X \ Z.
(2) he−ζ is a positively curved singular Hermitian metric on E for some continuous function
ζ on X.
(3) There exists a positive number ǫ > 0 such that
√
−1ΘE,h − ǫω ⊗ IdE ≥ 0 on X \ Z in the
sense of Nakano.
Then Hq(X,KX ⊗ E(h)) = 0 holds for any q ≥ 1.
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Theorem 1.4. Let (X, ω) be a compact Ka¨hler manifold, (E, h) be a holomorphic vector bundle
on X with a singular Hermitian metric and (L, hL) be a holomorphic line bundle with a smooth
metric. We assume the following conditions.
(1) There exists a proper analytic subset Z such that h is smooth on X \ Z.
(2) he−ζ is a positively curved singular Hermitian metric on E for some continuous function
ζ on X.
(3)
√
−1ΘE,h ≥ 0 on X \ Z in the sense of Nakano.
(4) There exists a positive number ǫ > 0 such that
√
−1ΘE,h − ǫ
√
−1ΘL,hL ⊗ IdE ≥ 0 on X \ Z
in the sense of Nakano.
Let s be a non zero section of L. Then for any q ≥ 0, the multiplication homomorphism
×s : Hq(X,KX ⊗ E(h)) → Hq(X,KX ⊗ L ⊗ E(h))
is injective.
Therefore we proved a Nadel-Nakano type vanishing theorem with some assumptions. If E is
a holomorphic line bundle, these theorems were proved in [Fuj12]. We point out we do not use
an approximation sequence of a singular Hermitian metric to show these theorems.
Some applications are indicated as follows. First we treat a singular Hermitian metric induced
by holomorpic sections, proposed by Hosono [Hos, Chapter 4]. By caluculating the curvature of
this metric, we prove that we can apply Theorem 1.3 to Hosono’s example. Therefore we can
apply a Nadel-Nakano type vanishing theorem even if h does not have an approximate sequence
such as [deC]. Second, we generalize Griffiths’ vanishing theorem, that is, Hq(X,KX⊗Symm(E)⊗
det E) = 0 holds for any m ≥ 0 and q ≥ 1 if E is an ample vector bundle. We treat the case when
E is a big vector bundle. If E is a big vector bundle with some assumptions, Symm(E)⊗det E can
be endowed with a singular Hermitian metric hm satisfying the assumptions such as Theorem 1.3
(see Section 5.2). Therefore Hq(X,KX ⊗ (Symm(E) ⊗ det E)(hm)) = 0 holds for any m ≥ 0 and
q ≥ 1.
Finally, we generalize Ohsawa’s vanishing theorem.
Theorem 1.5. Let (X, ω) be a compact Ka¨hler manifold and (E, h) be a holomorphic vector
bundle on X with a singular Hermitian metric. Let π : X → W be a proper surjective holomor-
phic map to an analytic space with a Ka¨hler form σ. We assume the following conditions.
(1) There exists a proper analytic subset Z such that h is smooth on X \ Z.
(2) he−ζ is a positively curved singular Hermitian metric on E for some continuous function
ζ on X.
(3)
√
−1ΘE,h − π∗σ ⊗ IdE ≥ 0 on X \ Z in the sense of Nakano.
Then Hq
(
W, π∗(KX ⊗ E(h))
)
= 0 holds for any q ≥ 1.
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If h is smooth, this theorem was proved by Ohsawa [Ohs].
The organization of this paper is as follows. In Section 2, we review some of standard facts
on vector bundles, singular Hermitian metrics and L2 estimates. In Section 3, we prove Theo-
rem 1.2. The proof is based on [Dem 12, Lemma 5] and [deC, Proposition 4.1.3]. Since h has
singularities along Z, we apply the L2 estimate only outside Z. In Section 4, we prove Theorem
1.3 and 1.4. Based on [Fuj12, Claim 1], we prove the cohomology isomorphism between the
cohomology group of KX ⊗ E(h) on X and the L2 cohomology group on Y by using Cˇech coho-
mology. From this isomorphism, it is easy to prove Theorem 1.3 and 1.4. In Section 5, we treat
some applications. We treat a singular Hermitian metric induced by holomorpic sections and
prove a generalization of Griffiths’ vanishing theorem. In Section 6, we prove a generalization
of Ohsawa’s vanishing theorem by using the methods of [Ohs, Theorem 3.1] and Section 4.
Acknowledgment. The author would like to thank his supervisor Prof. Shigeharu Takayama
for helpful comments and enormous support. He would like to thank Genki Hosono and Takahiro
Inayama for useful comments about the applications in Section 5. This work was supported by
the Grant-in-Aid for Scientific Research (KAKENHI No.20284333) and the Grant-in-Aid for
JSPS fellows. This work was supported by the Program for Leading Graduate Schools, MEXT,
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2. Preliminary
2.1. Hermitian metrics on vector bundles. We briefly explain definitions and notations of
smooth Hermitian metrics of vector bundles.
We will denote by (X, ω) a compact Ka¨hler manifold and denote by E a holomorphic vector
bundle of rank r on X. For any point x ∈ X, we take a system of local coordinate (V; z1, . . . , zn)
near x. Let h be a smooth metric on E and e1, . . . , er be a local orthogonal holomorphic frame of
E near x. We denote by
√
−1ΘE,h =
√
−1
∑
1≤ j,k≤n, 1≤λ,µ≤r
c jkλµ dz j ∧ dz¯k ⊗ e∗λ ⊗ eµ
the Chern curvature tensor. For any u =
∑
1≤ j≤n, 1≤λ≤r u jλdz j ⊗ eλ ∈ TxX ⊗ Ex, we denote by
θE,h(u) =
∑
1≤ j,k≤n, 1≤λ,µ≤r
c jkλµu jλu¯kµ
and
θω⊗idE (u) =
∑
1≤ j,k≤n, 1≤λ≤r
ω jku jλu¯kλ,
where ω =
√
−1∑1≤ j,k≤n ω jkdz j ∧ dz¯k.
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Definition 2.1. [Dem, Chapter 7 §6] For any real number C, we write
√
−1ΘE,h ≥ Cω ⊗ idE
in the sense of Nakano if θE,h(u) −Cθω⊗idE (u) ≥ 0 for any u ∈ TX ⊗ E.
We review definitions of singular Hermitian metrics. For more details, we refer the reader to
[Paun, Section 2]. Let Hr be the set of r × r semipositive definite Hermitian matrixs and H¯r be
the space of semipositive, possibly unbounded Hermitian forms on Cr.
Definition 2.2. [Paun, Definiton 2.8 and Definition 2.9]
(1) The singular Hermitian metric h on E is defined to be a locally measurable map with
values in H¯r such that 0 < det h < +∞ almost everywhere.
(2) A singular Hermitian metric h on E is said to be negatively curved if the function log |v|2
h
is plurisubharmonic for any local section v of E.
(3) A singular Hermitian metric h on E is said to be positively curved if the dual singular
Hermitian metric h∗ = th−1 on the dual vector bundle E∗ is negatively curved.
We prove the following lemma of a positively curved singular Hermitian metric.
Lemma 2.3. For any point x ∈ X, we take a system of local coordinate (V; z1, . . . , zn) near x
and take a local holomorphic frame e1, . . . , er of E on V. Let U ⊂⊂ V be an open set near x. We
assume there exists a continuous function ζ on X such that he−ζ is a positively curved singular
Hermitian metric on E. Then there exists a positive number MU such that for any u ∈ H0(V, E)
|u|2h ≥ MU
∑
1≤i≤r
|ui|2
holds on U, where u =
∑
1≤i≤r uiei.
Proof. We may assume u = u1e1. By [HPS, Chapter 16], we obtain
|u|he−ζ (z) = sup
f∈E∗z
| f (u)|(z)
| f |(he−ζ )∗
≥ |e
∗
1(u)|(z)
|e∗
1
|(he−ζ )∗
=
|u1|(z)
|e∗
1
|(he−ζ )∗
for any z ∈ V . Since he−ζ is positively curved, |e∗
1
|(he−ζ )∗ is a plurisubharminic function on V .
Therefore |e∗1|(he−ζ )∗ is bounded above on U. We take a positive number M1 such that |e∗1|(he−ζ )∗ ≤
M1, then we have |u|he−ζ ≥ |u1 |M1 . Since eζ is a positive continuous function, we can take a positive
number M such that eζ ≥ M on X. We put MU ≔ M2M2
1
and we obtain
|u|2h = |u|2he−ζe2ζ ≥ MU |u1|2,
which completes the proof. 
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2.2. L2 estimates and harmonic integrals on complete Ka¨hler manifolds. We need an L2
estimate on a complete Ka¨hler manifold. Let Y be a complete Ka¨hler manifold, ω′ be a (not
necessarily complete) Ka¨hler form and (E, h) be a vector bundle with a smooth Hermitian met-
ric. The L2 space L2n,q(Y, E)ω′,h is defined by the set of E-valued (n, q) forms with measurable
coefficients on Y such that
∫
Y
| f |2
ω′,hdVω′ < +∞, where dVω′ ≔ ω′n/n! is a volume form on Y .
Theorem 2.4. [Dem, Chapter 7 §7 and Chapter 8 §6] [Dem 82, Lemme 3.2 and The´ore`me 4.1]
Under the conditions stated above, we also assume that there exists a positive number ǫ > 0 such
that
√
−1ΘE,h ≥ ǫω′ ⊗ IdE in the sense of Nakano. Then for any q ≥ 1 and any g ∈ L2n,q(Y, E)ω′,h
such that ∂¯g = 0, there exists f ∈ L2
n,q−1(Y, E)ω′,h such that ∂¯ f = g and∫
Y
| f |2ω′,hdVω′ ≤
1
qǫ
∫
Y
|g|2ω′,hdVω′ .
We use a fact of harmonic integrals to prove Theorem 1.4. For more details, we refer the
reader to [Fuj12, Section 2] or [Dem, Chapter 8]. The maximal closed extension of the ∂¯ operator
determines a densely defined closed operator ∂¯ : L2n,q(Y, E)ω′,h → L2n,q+1(Y, E)ω′,h. Then we obtain
the following orthogonal decomposition.
Theorem 2.5. [Fuj12, Section 3], [Dem, Chapter 8].
L2n,q(Y, E)ω′,h = Im∂¯ ⊕Hn,q(Y, E) ⊕ Im∂¯∗ω′,h
holds, where ∂¯∗
ω′,h is the Hilbert space adjoint of ∂¯ and Hn,q(Y, E) is the set of harmonic forms
defined by
Hn,q(Y, E) ≔ { f ∈ L2n,q(Y, E)ω′,h : ∂¯ f = ∂¯∗ω′,h f = 0}.
3. Coherentness of E(h)
We prove Theorem 1.2.
Proof. We may assume that X is a unit ball in Cn, E = X × Cr, and ω is a standard Euclidean
metric. Let e1, . . . , er be a local holomorphic frame of E on X. We take a open ball U ⊂⊂ X. It
is enough to show that there exists a coherent sheaf F on U such that E(h)x = Fx for any x ∈ U.
We will denote byG the space of holomorphic sections g ∈ H0(U, E) such that
∫
U
|g|2
h
dVω < ∞.
We consider the evaluationmap π : G⊗COU → E|U . We defineF ≔ Im(π). By Noether’s Lemma
(see [GR, Chapter 5 §6]), F is a coherent sheaf on U.
Claim 3.1. For any x ∈ U and any positive integer k,
Fx + E(h)x ∩ mkx · E(x) = E(h)x
holds, where mx is a maximal ideal of Ox.
NADEL-NAKANO VANISHING THEOREMS OF VECTOR BUNDLES WITH SINGULAR HERMITIAN METRICS 7
We postpone the proof of Claim 3.1 and conclude the proof of Theorem 1.2. We fix x ∈ U.
By the Artin-Rees lemma, there exists a positive integer l such that
E(h)x ∩ mkx · E(x) = mk−lx (E(h)x ∩ mlx · E(x))
holds for any k > l. Therefore by Claim 3.1, we have
E(h)x = Fx + E(h)x ∩ mkx · E(x) ⊂ Fx + mx · E(h)x ⊂ E(h)x.
By Nakayama’s lemma, we obtain E(h)x = Fx, which completes the proof. 
We now prove Claim 3.1.
Proof. It is easy to check that Fx + E(h)x ∩ mkx · E(x) ⊂ E(h)x, therefore we show that E(h)x ⊂
Fx + E(h)x ∩ mkx · E(x).
We take f =
∑
i fiei ∈ E(h)x then there exists an open neighborhoodW ⊂⊂ U near x such that
fi is a holomorphic function on W and
∫
W
| f |2
h
dVω < +∞. Let ρ be a cut-off function on W. We
note that ∂¯(ρ f ) is an E-valued (0, 1) smooth form such that
∫
X
|ρ f |2
ω,h
dVω < +∞. We define the
plurisubharmonic function ϕk to be ϕk(z) = (n + k) log |z − x|2 +C|z|2 such that√
−1ΘE,h +
√
−1∂∂ϕk ⊗ IdE ≥ ω ⊗ IdE on X \ Z in the sense of Nakano,
whereC is some positive constant. Since ρ is a cut-off function, we obtain
∫
X
|∂¯(ρ f )|2
ω,h
e−ϕkdVω <
+∞.
Since X \ Z is complete by [Dem 82, The´ore`me 0.2], there exists an E-valued (0, 0) form
F =
∑
i Fiei on X \ Z such that∫
X\Z
|F |2he−ϕkdVω ≤
∫
X
|∂¯(ρ f )|2ω,he−ϕkdVω < +∞ and ∂¯F = ∂¯(ρ f )
by Theorem 2.4. Here we may regard ∂¯(ρ f ) as an (n, 1) form on X by using dz1 ∧ · · · ∧ dzn.
Let G ≔ ρ f − F = ∑iGiei, which is an E-valued (0, 0) form on X \ Z. We obtain∫
X\Z
|G|2hdVω < +∞ and ∂¯G = 0.
By Lemma 2.3 we have
∑
i
∫
U\Z |Gi|2dVω < +∞, thereforeGi extends onU andGi is holomorphic
on U by the Riemann extension theorem. Hence we obtain G ∈ G and Gx ∈ Fx.
Let W ′ be the set of interior points in {z ∈ U : ρ(z) = 1}, then we have F = f − G on W ′ \ Z.
Then F extends onW ′ and F is holomorphic onW ′. It is obvious that Fx ∈ E(h)x from fx ∈ E(h)
and Gx ∈ Fx ⊂ E(h)x. By
∫
X\Z |F |2he−ϕkdVω < +∞ and Lemma 2.3, we have∑
i
∫
W′
|Fi|2e−(n+k) log |z−x|2dVω < +∞.
Therefore we obtain (Fi)x ∈ mkx and Fx ∈ mkx · E(x).
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Thus we have fx = Gx + Fx ∈ Fx + E(h)x ∩ mkx · E(x), which completes the proof of Claim
3.1. 
4. Vanishing theorems and injectivity theorems
Let (X, ω) be a compact Ka¨hler manifold and (E, h) be a holomorphic vector bundle with a
singular Hermitian metric on X. We assume the conditions (1) – (3) in Theorem 1.2. We will
denote Y ≔ X \ Z. By [Fuj12, Section 3], there exists a complete Ka¨hler form ω′ on Y such that
ω′ ≥ ω on Y . We study the cohomology group Hq(X,KX ⊗ E(h)).
Theorem 4.1. Under the conditions stated above, we obtain the following isomorphism
Hq(X,KX ⊗ E(h)) 
L2n,q(Y, E)ω′,h ∩ Ker∂¯
Im∂¯
for any q ≥ 0.
Proof. The proof will be divided into three steps.
Step 1 Set up.
Let U = {U j} j∈Λ be a finite Stein cover of X. By Theorem 1.2, the sheaf cohomology
Hq(X,KX⊗E(h)) is isomorphic to the Cˇech cohomologyHq(U,KX⊗E(h)). If necessarily we take
U j small enough, we may assume that there exist a Stein open set V j, a smooth plurisubharmonic
function ϕ j on V j and a positive number C j > 0 such that
(1) U j ⊂⊂ V j,
(2) C−1j < e
−ϕ j < C j on V j, and
(3)
√
−1ΘE,h +
√
−1∂∂ϕ j ≥ ω′ ⊗ IdE on V j \ Z
for any j ∈ Λ. We put Ui0i1...iq ≔ Ui0 ∩ Ui1 ∩ · · · ∩ Uiq , which is a Stein open set.
With these conditions above, it is easily to check the following two claims.
Claim 4.2. [Fuj12, Remark 2.19] For any E-valued (n, q) form u on Y with measurable coeffi-
cients, |u|2
ω′,hdVω′ ≤ |u|2ω,hdVω holds. If q = 0, |u|2ω′,hdVω′ = |u|2ω,hdVω holds.
Claim 4.3. For any q ≥ 1 and any g ∈ L2n,q(Ui0i1...iq \ Z, E)ω′,h such that ∂¯g = 0, there exists
f ∈ L2
n,q−1(Ui0i1 ...iq \ Z, E)ω′,h such that ∂¯ f = g and∫
Ui0i1 ...iq\Z
| f |2ω′,hdVω′ ≤ C′2
∫
Ui0i1 ...iq\Z
|g|2ω′,hdVω′ ,
where C′ ≔ maxi∈ΛCi.
Step 2 Construction of a homomorphism from Cˇech cohomology to Dolbeault cohomology.
We fix c = {ci0i1 ...iq} ∈ Hq(U,KX ⊗ E(h)). By the definition of Cˇech cohomology, we have
(1) ci0i1...iq ∈ H0(Ui0i1...iq ,KX ⊗ E(h)) and
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(2) δc ≔
∑q+1
k=0
(−1)kci0i1 ...iˇk...iq+1 |Ui0i1 ...iq+1 = 0.
Let {ρi}i∈Λ be a partition of unity subordinate toU. We define an E-valued form bi0i1...ik induc-
tively by
bi0i1 ...iq−1 ≔
∑
j∈Λ
ρ jc ji0i1 ...iq−1 and bi0i1 ...ik ≔
∑
j∈Λ
ρ j∂¯b ji0i1...ik .
We point out
δ{bi0i1 ...iq−1} = c, δ{∂¯bi0i1...iq−1} = 0, and δ{bi0i1 ...ik } = {∂¯bi0i1...ik+1}
hold (see [Mat, Lemma 4.2]).
Therefore we obtain ∂¯bi0 |Ui0\Z , which is an E-valued (n, q) ∂¯-closed form on Ui0 \ Z. Since we
have
δ{∂¯bi0} = 0 and
∫
Ui0\Z
|∂¯bi0 |2ω′,hdVω′ ≤
∫
Ui0
|∂¯bi0 |2ω,hdVω < +∞
by Claim 4.2, we can define α(c) ≔ {∂¯bi0} ∈ L2n,q(Y, E)ω′,h ∩Ker∂¯. By the above construction, we
obtain the homomorphism
α : Hq(U,KX ⊗ E(h)) →
L
n,q
2
(Y, E)ω′,h ∩ Ker∂¯
Im∂¯
.
Step 3 Construction of a homomorphism from Dolbeault cohomology to Cˇech cohomology.
We fix u ∈ L2n,q(Y, E)ω′,h∩Ker∂¯ and define D ≔
∫
Y
|u|2
ω′,hdVω′ < +∞. By Claim 4.3, there exists
vi0 ∈ L2n,q−1(Ui0 \ Z, E)ω′,h such that
∂¯vi0 = u|Ui0\Z and
∫
Ui0\Z
|vi0 |2ω′,hdVω′ ≤ C′2D.
We put u1 ≔ δ{vi0}. From ∂¯u1 = 0, there exists vi0i1 ∈ L2n,q−1(Ui0i1 \ Z, E)ω′,h such that
∂¯vi0i1 = u
1
i0i1
and
∫
Ui0i1\Z
|vi0i1 |2ω′,hdVω′ ≤ 2C′2D
by Claim 4.3. We put u2 ≔ δ{vi0i1} and we have ∂¯u2 = 0.
By repeating this procedure, we obtain vi0i1 ...iq−1 ∈ L2n,0(Ui0i1...iq−1 \ Z, E)ω′,h and uq = δ{vi0i1...iq−1}.
By ∂¯u
q
i0i1 ...iq
= 0, u
q
i0i1...iq
is a holomorphic E-valued (n, 0) form on Ui0i1 ...iq \ Z. Since we obtain∫
Ui0i1 ...iq \Z
|uq
i0i1 ...iq
|2ω,hdVω =
∫
Ui0i1 ...iq\Z
|uq
i0i1 ...iq
|2ω′,hdVω′ ≤ q!C′2D < +∞
by Claim 4.2, u
q
i0i1...iq
|Ui0i1 ...iq\Z extends on Ui0i1 ...iq and u
q
i0i1...iq
|Ui0i1 ...iq\Z is a holomorphic E-valued
(n, 0) form on Ui0i1 ...iq by the Riemann extension theorem and Lemma 2.3. Therefore we can
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define β(u) ≔ {uq
i0i1 ...iq
|Ui0i1 ...iq\Z} ∈ Hq(U,KX ⊗ E(h)). By the above construction, we obtain the
homomorphism
β :
L2n,q(Y, E)ω′,h ∩ Ker∂¯
Im∂¯
→ Hq(U,KX ⊗ E(h)).
It is easily to check α and β induce the isomorphism in Theorem 4.1. 
We finish this section by showing Theorem 1.3 and 1.4.
Proof of Theorem 1.3. It is easy by Theorem 2.4 and Theorem 4.1.
Proof of Theorem 1.4. By Theorem 1.2, KX ⊗ E(h) is a coherent sheaf on X. Therefore
by the argument of [Fuj12, Claim 1], Theorem 2.5 and Theorem 4.1, we obtain Im∂¯ = Im∂¯,
Im∂¯∗
ω′,h = Im∂¯
∗
ω′,h andH
q(X,KX⊗E(h))  Hn,q(Y, E). Similarily, we obtainHq(X,KX⊗L⊗E(h)) 
Hn,q(Y, L ⊗ E). By [Fuj12, Claim 2], the multiplication homomorphism ×s : Hn,q(Y, E) →
Hn,q(Y, L ⊗ E) is well-defined and injective, which completes the proof.
5. Applications
5.1. Hosono’s example. In this subsection, we study a singular Hermitian metric induced by
holomorphic sections, proposed by Hosono [Hos, Chapter 4].
Let s1, . . . , sN ∈ H0(X, E) be holomorphic sections such that Ey is generated by s1(y), . . . , sN(y)
for a general point y. For any point x ∈ X, we take a local coordinate (U; z1, . . . , zn) near x and
take a local holomorphic frame e1, . . . , er of E on U. Write si =
∑
1≤ j≤r fi je j, where fi j are
holomorphic functions on U. A singular Hermitian metric h induced by s1, . . . , sN is given by
h−1jk ≔
∑
1≤i≤N
f¯i j fik.
By [Hos, Example 3.6 and Proposition 4.1], h is positively curved and E(h) is a coherent sheaf.
Hosono pointed out that we can easily calculate the curvature of h in the case N = r.
Lemma 5.1. In the case N = r, there exists a proper analytic subset Z such that
√
−1ΘE,h = 0
on X \ Z. In particular we obtain
√
−1ΘE,h ≥ 0 on X \ Z in the sense of Nakano.
Proof. We take a finite Stein open covering {Ui}i∈Λ. Under the condition stated above, the r×r
matrix A(i) on Ui is defined by
A
(i)
jk
= f jk.
Set Zi ≔ {z ∈ Ui : rank A(i)(z) < r} andW = {z ∈ X : h is not smooth at z}. Write Z ≔ ∪i∈ΛZi∪W,
which is a proper analytic subset.
By an easy computation, we have
√
−1ΘE,h =
√
−1∂¯(h¯−1∂h¯) =
√
−1(∂∂¯h¯−1 − ∂h¯−1h¯∂¯h¯−1)h¯.
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For any z ∈ X \ Z, we may assume fi j(z) = δi j. From h¯−1jk =
∑
1≤i≤r fi j f¯ik, we have
∂h¯−1jk (z) = ∂ fk j(z) and ∂¯h¯
−1
jk (z) = ∂¯ f¯ jk(z).
Thus, we obtain
(∂h¯−1h¯∂¯h¯−1) jk(z) =
∑
1≤i≤r
∂ fi j∂¯ f¯ik(z) = ∂∂¯h¯
−1
jk (z),
which completes the proof. 
By Lemma 5.1 and Theorem 1.3, we obtain the following corollary.
Corollary 5.2. Let (L, hL) be a holomorphic line bundle with a singular Hermitian metric.
We assume there exist a proper analytic subset Z and a positive number ǫ > 0 such that hL is
smooth on X \ Z and
√
−1ΘL,hL ≥ ǫω on X.
Then, Hq(X,KX ⊗ L ⊗ E(hhL)) = 0 holds for all q ≥ 1 for any holomorphic vector bundle E
and a singular Hermitian metric h induced by s1 · · · sr ∈ H0(X, E).
In particular Hq(X,KX ⊗ L ⊗ E(h)) = 0 holds for all q ≥ 1 if L is ample.
We point out that such a metric hL on L as in Lemma 5.2 always exists if L is big.
Now, we introduce Hosono’s example [Hos, Example 4.4]. Set X = C2 and let E = X × C2
be a trivial rank two bundle. We choose sections s1 = e1 and s2 = ze1 + we2. Then the singular
Hermitian metric hE induced by s1, s2 can be written by
hE =
1
|w|2
( |w|2 −wz¯
−zw¯ |z|2 + 1
)
.
Hosono proved the following theorem by calculating the standard approximation by convolution
of hE.
Theorem 5.3. [Hos, Theorem 1.2] The standard approximation defined by convolution of hE
does not have uniformly bounded curvature from below in the sense of Nakano.
Therefore, we can not apply the vanishing theorem of [deC] to this example. However we can
apply Corollary 5.2 to this example. Thus our results are new results.
Remark 5.4. We ask whether there exists a proper analytic subset Z such that
√
−1ΘE,h ≥ 0 on
X \Z in the sense of Nakano for any singular Hermitian metric h induced by s1 · · · sN ∈ H0(X, E)
in the case N > r. This calculation is very complicated and this question is open, but it is likely
that the answer is ”No”.
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5.2. Big vector bundles. We review some of the standard facts on big vector bundles.
Definition 5.5. [BKKMSU, Section 2] Let X be a smooth projective variety and E be a holo-
morphic vector bundle. The base locus of E is defined by
Bs(E) ≔ {x ∈ X : H0(X, E) → Ex is not surjective},
and the stable base locus of E is defined by
B(E) ≔
⋂
m>0
Bs(SymmE),
where S ymm(E) is the m-th symmetric power of E.
Let A be an ample line bundle. We define the argumented base locus of E by
B+(E) =
⋂
p/q∈Q>0
B(SymqE ⊗ Ap).
We point out B+(E) do not depend on the choice of the ample line bundle A by [BKKMSU,
Remark 2.7].
Definition 5.6. [BKKMSU, Theorem 1.1 and Section 6]
(1) A vector bundle E is said to be L-big if the tautological bundle OP(E)(1) on P(E) is big.
(2) A vector bundle E is said to be V-big if B+(E) , X.
We note that if E is V-big then it is L-big as well by [BKKMSU, Corollary 6.5]. We will
denote by π : P(E) → X the canonical projection and by ω˜ a Ka¨hler form on P(E). Inayama
communicated to the author the following lemma.
Lemma 5.7. Let E be an L-big vector bundle and h˜ be a singular Hermitian metric on OP(E)(1).
We assume that there exist a positive number ǫ > 0 and a proper analytic subset Z˜ ⊂ P(E) such
that h˜ is smooth on P(E) \ Z˜, π(Z˜) , X, and
√
−1ΘOP(E)(1),h˜ ≥ ǫω˜ ⊗ idOP(E)(1).
Then h˜ induces a singular Hermitian metric hm on Sym
m(E) ⊗ det E such that
(1) hm is smooth on X \ π(Z˜),
(2) hm is a positively curved singular Hermitian metric, and
(3)
√
−1ΘSymm(E)⊗det E,hm ≥ ǫω ⊗ IdSymm(E)⊗det E on X \ π(Z˜) in the sense of Nakano.
Proof. From Symm(E)⊗ det E = π∗(KP(E)/X ⊗OP(E)(m+ r)), Symm(E)⊗ det E can be endowed
with the L2 metric hm with respect to h˜. Therefore by the argument of [Ber, Theorem 1.2,
Theorem 1.3, and Section 4], (1) and (3) are proved. By [HPS] and [PT], (2) is proved. 
Remark 5.8. By [BKKMSU, Proposition 3.2], π
(
B+(OP(E)(1))
)
= B+(E) holds. Therefore if E
is V-big, such a metric h˜ on OP(E)(1) as the assumption of Lemma 5.7 always exists.
Thus, we can apply Theorem 1.3 to (Symm(E)⊗det E, hm) and we have the following corollary.
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Corollary 5.9. Under the conditions stated in Lemma 5.7, Hq(X,KX⊗(Symm(E)⊗det E)(hm)) =
0 holds for any m ≥ 0 and q ≥ 1.
This corollary is a generalization of Griffiths’ vanishing theorem in [Gri].
6. On Ohsawa’s vanishing theorem
We use the results of [Ohs]. Let Y be a complete Ka¨hler manifold, ω′ be a Ka¨hler form and
(E, h) be a vector bundle with a smooth Hermitian metric. Let τ be a smooth semipositive (1, 1)
form on Y . Write
L2n,q(Y, E)τ,h ≔ { f ∈ L2n,q(Y, E)ω′+τ,h ; lim
ǫ↓0
∫
Y
| f |2ǫω′+τ,hdVǫω′+τ < +∞}.
By [Ohs, Proposition 2.4], limǫ↓0
∫
Y
| f |2
ǫω′+τ,hdVǫω′+τ and L
2
n,q(Y, E)τ,h do not depend on the choice
of the metric ω′. We use Ohsawa’s L2 estimate.
Theorem 6.1. [Ohs, Theorem 2.8] Under the conditions stated above, we also assume that√
−1ΘE,h − τ ⊗ IdE ≥ 0 on Y. For any q ≥ 1 and f ∈ L2n,q(Y, E)τ,h such that ∂¯ f = 0, there exists
g ∈ L2
n,q−1(Y, E)τ,h such that ∂¯g = f .
Now we prove Theorem 1.5.
Proof. We take a complete Ka¨hler form ω′ on Y ≔ X \ Z as in Section 4. The proof of
Theorem 1.5 is similar to [Ohs, Theorem 3.1] and Theorem 4.1 with a slight modification.
Let U = {U j} j∈Λ be a finite Stein cover of W. By Theorem 1.2 and the Grauert direct image
theorem, the sheaf cohomology Hq(W, π∗(KX ⊗ E(h))) is isomorphic to the Cˇech cohomology
Hq(U, π∗(KX ⊗ E(h))). We point out the following claim.
Claim 6.2. [Ohs, Lemma 3.2] For any form g on W, |π∗g(x)|ω+π∗σ ≤ |g(π(x))|σ holds at any
x ∈ X.
We fix c = {ci0i1 ...iq} ∈ Hq(U, π∗(KX ⊗ E(h))). By the definition of Cˇech cohomology, we have
(1) ci0i1...iq ∈ H0(Ui0i1...iq , π∗(KX ⊗ E(h))) = H0(π−1(Ui0i1...iq),KX ⊗ E(h)) and
(2) δc ≔
∑q+1
k=0
(−1)kci0i1 ...iˇk...iq+1 |π−1(Ui0i1...iq+1 ) = 0.
Let {ρ j} j∈Λ be a partition of unity ofU. Based on Section 4, we define an E-valued form bi0i1...ik
inductively by
bi0i1 ...iq−1 ≔
∑
j∈Λ
π∗(ρ j)c ji0i1 ...iq−1 and bi0i1 ...ik ≔
∑
j∈Λ
π∗(ρ j)∂¯b ji0i1...ik .
We point out
δ{bi0i1 ...iq−1} = c, δ{∂¯bi0i1...iq−1} = 0, and δ{bi0i1 ...ik } = {∂¯bi0i1...ik+1}
14 MASATAKA IWAI
hold.
Therefore we obtain ∂¯bi0 |π−1(Ui0 )\Z , which is an E-valued (n, q) ∂¯-closed form on π−1(Ui0 )\Z. By
Claim 6.2, |∂¯(π∗ρ j)|ǫω+π∗σ are bounded above by |∂¯(ρ j)|σ for any ǫ > 0 and |ci0i1 ...iq |2ǫω+π∗σdVǫω+π∗σ
are independent of ǫ by Claim 4.2. Therefore we have δ{∂¯bi0} = 0 and∫
π−1(Ui0 )\Z
|∂¯bi0 |2ǫω′+π∗σ,hdVǫω′+π∗σ ≤
∫
π−1(Ui0 )
|∂¯bi0 |2ǫω+π∗σ,hdVǫω+π∗σ
≤ lim
ǫ↓0
∫
π−1(Ui0 )
|∂¯bi0 |2ǫω+π∗σ,hdVǫω+π∗σ
< +∞
for any ǫ > 0 by Claim 4.2. Thus, we may regard {∂¯bi0} as an element of L2n,q(Y, E)σ,h and denote
by b ≔ ∂¯bi0 . By Theorem 6.1, there exists a ∈ L2n,q−1(Y, E)σ,h such that
∂¯a = b and lim
ǫ↓0
∫
Y\Z
|a|2ǫω′+π∗σ,hdVǫω′+π∗σ < +∞.
Write d1
i0
≔ bi0 − a ∈ L2n,q−1(π−1(Ui0) \ Z, E)σ,h and d1 ≔ {d1i0}. We point out
δd1 = δ{bi0} = {∂¯bi0i1} and ∂¯d1 = 0.
By Theorem 6.1, there exists ai0 ∈ L2n,q−2(π−1(Ui0) \ Z, E)σ,h such that
∂¯ai0 = d
1
i0
and lim
ǫ↓0
∫
Ui0\Z
|ai|2ǫω′+π∗σ,hdVǫω′+π∗σ < +∞.
Write d2i0i1 ≔ bi0i1 − ai0 + ai1 ∈ L2n,q−2(π−1(Ui0i1) \ Z, E)σ,h and d2 ≔ {d2i0i1}. We point out
δd2 = δ{bi0i1} = {∂¯bi0i1i2} and ∂¯d2 = 0.
By repeating this procedure, we obtain d
q−1
i0i1 ...iq−1 ∈ L2n,0(π−1(Ui0i1 ...iq−1) \ Z, E)σ,h and dq−1 ≔
{dq−1
i0i1...iq−1} such that
δdq−1 = δ{bi0i1 ...iq−1} = c and ∂¯dq−1 = 0.
We have ∫
π−1(Ui0i1 ...iq−1 )\Z
|dq−1
i0i1 ...iq−1 |2ω,hdVω =
∫
π−1(Ui0i1 ...iq−1 )\Z
|dq−1
i0i1 ...iq−1 |2ω′+π∗σ,hdVω′+π∗σ
= lim
ǫ↓0
∫
π−1(Ui0i1 ...iq−1 )\Z
|dq−1
i0i1...iq−1 |2ǫω′+π∗σ,hdVǫω′+π∗σ
< +∞.
By Lemma 2.3 and the Riemann extension theorem, d
q−1
i0i1...iq−1 extends on π
−1(Ui0i1...iq−1) and d
q−1
i0i1...iq−1
is holomorphic on π−1(Ui0i1 ...iq−1). Therefore we obtain d
q−1
i0i1...iq−1 ∈ H0(π−1(Ui0i1 ...iq−1),KX ⊗ E(h))
and δdq−1 = c, which completes the proof. 
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Remark 6.3. We ask whether under the assumptions of singular Hermitian metrics as in The-
orem 1.3 - 1.5, we can show higher rank analogies of a generalization of Kolla´r-Ohsawa type
vanishing theorem by Matsumura [Mat], an injectivity theorem of higher direct images by Fu-
jino [Fuj13], an injectivity theorem of pseudoeffective line bundles by Fujino and Matsumura
[FM] and so on. It is likely the answer is ”Yes” and the proof may be similar to the original
proof with a slight modification.
References
[BKKMSU] T. Bauer, S. J Kova´cs, A. Ku¨ronya, E. C. Mistretta, T. Szemberg, S. Urbinati. On positivity and base
loci of vector bundles. Eur. J. Math. 1 (2015), no. 2, 229–249.
[Ber] B. Berndtsson. Curvature of vector bundles associated to holomorphic fibrations. Ann. of Math. (2) 169
(2009), no. 2, 531–560.
[BP] B. Berndtsson, M. Pa˘un. Bergman kernels and the pseudoeffectivity of relative canonical bundles.DukeMath.
J. 145 (2008), no. 2, 341–378.
[CP] J. Cao, M. Pa˘un.Kodaira dimension of algebraic fiber spaces over abelian varieties. Invent.Math. 207 (2017),
no. 1, 345–387.
[deC] M. A. A. de Cataldo. Singular Hermitian metrics on vector bundles. J. Reine Angew. Math. 502 (1998),
93–122.
[Dem 82] J.-P. Demailly. Estimations L2 pour l’ope´rateur ∂¯ d’un fibre´ vectoriel holomorphe semi-positif au-dessus
d’une varie´te´ ka¨hle´rienne comple´te. Ann. Sci. E´cole Norm. Sup. (4) 15 (1982), no. 3, 457–511.
[Dem] J.-P. Demailly. Complex analytic and differential geometry. https://www-fourier.ujf-grenoble.fr/ de-
mailly/manuscripts/agbook.pdf
[Dem 12] J.-P. Demailly. Analytic methods in algebraic geometry. Surveys of Modern Mathematics. 1 (2012),
viii+231.
[Fuj12] O. Fujino. A transcendental approach to Kolla´r’s injectivity theorem. Osaka J. Math. 49 (2012), no. 3,
833–852.
[Fuj13] O. Fujino. A transcendental approach to Kolla´r’s injectivity theorem II. J. Reine Angew.Math. 681 (2013),
149–174.
[FM] O. Fujino, S. Matsumura. Injectivity theorem for pseudo-effective line bundles and its applications.
arXiv:1605.02284v
[Gri] P. A. Griffiths. Hermitian differential geometry, Chern classes, and positive vector bundles. 1969 Global
Analysis (Papers in Honor of K. Kodaira) pp. 185–251 Univ. Tokyo Press, Tokyo
[GR] H. Grauert, R. Remmert. Coherent analytic sheaves. 265 Springer-Verlag, Berlin, 1984. xviii+249 pp. ISBN:
3-540-13178-7
[HPS] C. Hacon, M. Popa, C. Schnell. Algebraic fiber spaces over abelian varieties : around a recent theorem by
Cao and Pa˘un. arXiv:1611.08768v2
[Hos] G. Hosono. Approximations and examples of singular Hermitian metrics on vector bundles. Ark. Mat. 55
(2017), no. 1, 131–153.
[Mat] S. Matsumura. A vanishing theorem of Kolla´r-Ohsawa type.Math. Ann. 366 (2016), no. 3-4, 1451–1465.
[Ohs] T. Ohsawa. Vanishing theorems on complete Ka¨hler manifolds. Publ. Res. Inst. Math. Sci. 20 (1984), no. 1,
21–38.
[Paun] M. Pa˘un. Singular Hermitian metrics and positivity of direct images of pluricanonical bundles.
arXiv:1606.00174v1
[PT] M. Pa˘un, S. Takayama. Positivity of twisted relative pluricanonical bundles and their direct images.
arXiv:1409.5504v1 to appear in J.Algebraic Geom.
16 MASATAKA IWAI
[Rau] H. Raufi. Singular hermitian metrics on holomorphic vector bundles. Ark. Mat. 53 (2015), no. 2, 359–382.
Graduate School ofMathematical Sciences, The University of Tokyo, 3-8-1 Komaba, Tokyo, 153-8914, Japan.
E-mail address: masataka@ms.u-tokyo.ac.jp
